/" is given by/" = n_12"=ii",/o-M. M. Day [1, Theorem 1, p. 539] generalized this by showing that an f0 e m(S), where S is an amenable semigroup, is almost convergent to a if and only if the constant function ae is the uniform limit of finite averages of two-sided translates of /". In the same spirit, K. Witz [14, Theorem 4 .4] proved that if S is a right amenable semigroup with identity, an /o 6 m(S) is right almost convergent to a if and only if ae is the uniform limit of finite averages of right translates of f0. (Left and right may be interchanged in this result.)
One of the principal theorems in the present paper supplements the above results by characterizing the values achieved by all left invariant means of m(S) on an arbitrary (not necessarily left convergent) element f0 e m(S) in terms of pointwise convergence of finite averages of right translates of /0 to a constant function. In addition, the other principal theorem obtains a characterization of left amenability of S in such terms. We list these principal theorems below.
Theorem 3. Let S be a semigroup. Then the following are equivalent: (a) For every fem(S), there exists a net of finite averages of right translates of f which converges pointwise to a constant function.
(b) S is left amenable.
(c) There exists a net, {T3}, of finite averages of right translations such that for every f in m(S), {Tsf} converges pointwise to a constant function.
Theorem 4. Let S be a left amenable semigroup, f0 an arbitrary element in m(S), and a an arbitrary real number. Then the following are equivalent:
(a) There exists a net of finite averages of right translates off0, which converges pointwise to cce.
(b) There exists a left invariant mean, p, on m(S) such that p(f0) = ot.
(c) -P*(-/o)=á*=£j>*C/o)-
The function pR in Theorem 4, condition (c), is defined in §3. In §2, we state the basic nomenclature used throughout the paper. §3 is devoted to the proof of implications (a) -* (b) of Theorems 3 and 4. The major steps in the derivation exploit the w*-continuity of translation operators on m(S), the w*-compactness of w*-closed norm-bounded subsets of m(S), and the commutativity of a left with a right translation of m(S). These concepts are used to construct a suitable sublinear functional on m(S), to which the Hahn-Banach extension theorem is applied. §4 is mainly concerned with completing the proofs of the principal theorems. The proof of the remaining implications of these theorems makes use of an adaptation of a concept employed by Day in [1] and [3] ; that of an introversion on m(S).
§5 obtains various results by the use of Theorems 3 and 4. The main topic in that section is the introduction and investigation of left thick subsets of a semigroup S, a generalization of subsets that contain a left ideal of S. A subset S' of a semigroup S is called left thick in S if for each finite subset S" s S, there exists ans'eS such that S"s" £ S'. It is shown that the left thick subsets of a left amenable semigroup S axe precisely the subsets of S whose characteristic function, /0, admits a left invariant mean p on m(S) such that p(/0) = 1. Further, a left thick subsemigroup S' of S is left amenable if and only if S is left amenable. For finite S, several of these results on S' reduce to cases which are implicit in the work of Rosen [12] .
2. Notation. For terms not given here or in a later section, see Day [1] . Topological terms shall follow the usage of Kelley [10] . If fee B, a linear topo-[August logical space, and peB*, then p(b) shall be alternatively designated by (p, b). Let F be a subset of a topological space, then CL(V) designates the closure of V. Now let F be a subset of a (real) linear space, then CO(F) is the convex hull of V, the set of finite (weighted) averages of V.
Let S be a semigroup. Then Q: lx(S) -> m(S)* will denote the evaluation mapping of the real semigroup algebra lx(S) into m(S)*. (See [1, Definition 3, p. 521] for the product on /X(S).) For seS, Is is the characteristic function of s defined over S. The products Iß and 9IS, where Oe i"(S), will be denoted by sO and 8s, respectively. The set of finite means cp e /'(S) (see [ And KR(f) = {ae; aeeZR(f)}, similarly KL(f) = {ae; aeeZL(f)}, where a ranges over the real numbers.
3. Right stationary semigroups. This section investigates the properties of a semigroup S that satisfies the requirement that for each / in m(S), the set KR(f) [KL(f)] is nonempty. Such a semigroup is called right stationary [left stationary]. The major goal of this section is to show that a right stationary semigroup is left amenable. Additionally, some information is obtained regarding the range of values attained by all left invariant means on an/e m(S).
Let X be a nonempty set, and let F be a mapping F: X -* X. By the translation operator on m(X) induced by F, is meant the mapping TF: m(X)->m(X) given by (Tpg)x = g(Fx), for xeX, and gem(X). Lemma 2. Let S be a semigroup, let f,gem(S), and let a be a real number.
Then: Hence {/¡} converges pointwise to /0. Let {fö} converge pointwise to/0, and let there exist a real number a ^ 0, such that ||/. || ^ a for all ô e A, the directed set. Then for any ß>0, and for any 6 e lx(X), there exists a finite subset, X'çX, such that 2X ex-x'|0(x)| =ß> because of convergence of 2xeX|$(x)| to ||ö||. But pointwise convergence of {/.} implies uniform convergence over any finite subset of X, in particular over X'. So there exists <50eA such that for ö ^ <50, \fs(x) -/0(x)| ^ ß, for all xeX'. Hence for
So {/.} converges w* to /0, which shows Lemma 3. Let S be a semigroup, and let fe m(S). Then P(/) is a norm-bounded set by Corollary 1(b). It follows from the correspondence shown above between pointwise convergence and w*-convergence of norm-bounded nets in m(S), that the set ZR(f) can also be described as the set of elements of m(S) that are limits of pointwise convergent nets of elements of P(/). We shall be concerned with the constant functions that are so obtained, that is, with the set KR(f). = g-h'gThe third equality above follows from the fact that a left translation commutes with a right translation(2), so Tnls. = ls.Tn; and the fourth equality follows from the w*-continuity of Zs-(Corollary 1(c)). By substitution of (s')n, where the exponent n is a positive integer, in (1), we obtain g((s')") -g((s')"+ ) = y. So,
where k is any positive integer. So g((s')k + 1) = g(s') -yk. Thus g is unbounded on S, since we can make fc arbitrarily large, and since we supposed that y # 0. But this is a contradiction because geZR(f) ^ m(S). But S is right stationary, so KR(f-IJ) = {0}.
Then by Lemma 2(a)
KR(lsf-f) = -KR(f-IJ) = -{0} = {0}.
(2) I initially attempted to prove that if S is right stationary, then Sis right amenable, which is false as a counterexample later will indicate. The crucial observation that the incomplete proof could be amended to show that 5 is left amenable by use of the commutativity of a left with a right translation is due to R. J. Silverman. The commutativity of a left with a right translation was essential to the proof of Theorem 1, hence Corollary 2. If we try to show that "S is right stationary implies S is right amenable" the part of the proof that breaks down is equation (1) Hence we cannot show that "0 is the unique constant function in KR(f -fs/)." And indeed, a counterexample to both statements in quotes is provided by the two element semigroup S = {a, fe}, where aa = ba = a, and ab = fefe = fe. 4 . Left amenable semigroups. This section is concerned with proving the converses to Theorem 1 and Corollary 2, and hence completing the characterization of left invariant means on semigroups in terms of constant functions. It is shown, that if a semigroup is left amenable, it has a property that is formally stronger than being right stationary, though in fact equivalent to it. This converse, Theorem 2, together with Theorem 1 and Corollary 2 then yield the principal theorems of this paper, Theorems 3 and 4. This follows from the fact that if S is finite, then P is a compact subset of the bounded operators on m(S), in the uniform operator topology, say. Hence the net {Tô}; Tô e P, of Theorem 3, condition (c), has a cluster point, Te P.
(c) If S is a countably infinite semigroup, then the nets in Theorem 3, condition (a); and Theorem 4, condition (a) may be replaced by sequences. This follows from the fact that if B is a Banach space, then the w*-topology of the closed unit sphere of B* is metrizable if and only if B is separable [6, Theorem 1, p. 426]. If S is countable, then /'(S) is separable, so ZR(f) is metrizable in the w*-topology, hence is first countable in that topology.
(d) Theorems 3 and 4, and Corollaries 3 and 4, remain true for left invariant means over certain subspaces, X £ m(S), rather than m(S) itself. Let X £ m(S), where S is a semigroup, have the following properties:
(1) X is a linear subspace of m(S),
(2) eeX, (3) mX^X and &X £ X, (4) X is w*-closed.
We say that peX* is a left invariant mean on X if |p|| g 1, p(e) = 1, and ßif) = ¡¿ilj) for all ls e &. Then if we substitute, "fe X" for "fe miS)," "X has a left invariant mean" for "S is left amenable," then Theorem 3, so modified, remains valid. Similar substitutions in Theorem 4, and Corollary 3 and 4, and the dual results indicated in remark (b) result in valid statements. The proof of the modified statements goes through as before. Proof. Since S is left amenable, then by Theorem 3, there exists a net, {Ty} where Tye P, such that for any/e m(S), {TJ} converges pointwise to a constant function. For any Ty, there exists ebye(& such that Ty = 2S e s^j(s)rs. Let the map Jy: K -> K be given by Jyk = 2S e scby(s)s(k), for k e K. For the remainder of the proof, let y be a specific point in K. By compactness of K, there exists a subnet, {J.} of {Jy], such that {Jôy} converges to some y0 6 K. And the associated subnet, {T¿} of {T,,}, satisfies that for any/e m(S), {T¿¡/} converges pointwise to a constant function, since {TJ} is a subnet of {TJ}.
We will show that for any s0 e S, that s0y0 is the required common fixed point. by continuity of p and s', in step 2. Since for any s0 e S, UmgÇTJJsSo = lim^T^LJSo (recall that for every/em(S), {TJ} converges pointwise to a constant function), then piss0y0) = /"(Wo)* f°r au s e S anc-an i" e %*■ Since X is locally convex, then X* is total over X [A, Theorem 2, p. 14], so 5(s0y0) = s0y0, for all seS, which completes the proof.
An alternate proof of Theorem 5 is also given by Glicksberg [7, p. 98] , and for a special case of the space X, by Heyneman [9, 4.3.1, p. 1340] .
By use of Theorem 3, Day's result on convergence of means to left invariance may be extended. The inclusion of condition (a) in the equivalence below is new. 
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More generally, let F(n) be the free group on n generators {gy,g2,'",g"}, and F+(n) the subsemigroup of reduced words with the property that for each i, the sum of the exponents of g¡ in the word, is positive. Then F+(n) is left thick in F(n), and contains no left ideal of F(n).
(f) Let S' be a left thick subset of a semigroup S. If v is a homomorphism on S into a semigroup, then v(S') is left thick in v(S).
(g) Let S' be a subset of a finite semigroup S. Then S' is left thick in S if and only if S' contains a left ideal of S. The "if" part follows from (b) and (d). For the converse, since S is finite, there exists se S such that Ss £= S'. But Ss is a left ideal of S. Hence for each s'eS, there exists seS" such that/o(ss') = 0. Let N be the cardinality of S". Then for any s'e S, 2 (rs/0)s= 2 foiss')z%N-l.
ssS" se S" And for Te P, then T= 2s.eS<Ks')*V for some r/>eO. So 2 iTf0)s =22 cbis')foiss') s e S" se S" s' <= S = 2 ebis') 2 foiss') s' eS seS" 2 cbis')iN -l) = N -l. follows by Theorem 3. Lemma 7 . Let S be a semigroup, and let {Sy} be any system of subsets of S such that {Sy} forms a set directed upwards by inclusion, and such that iJySy = S. Then these are equivalent:
(a) For each /0em(S), and for each Sy^S, there exists a net, {Tyv} where Tyne P, such that the restriction of {TyJ0} to Sy converges pointwise with n to a constant function on Sy.
(b) S is left amenable. Theorem 8. Let S be a semigroup, and let {Sy} be any system of subsets of S such that {Sy} forms a set directed upwards by inclusion, and such that UySj, = S. Then these are equivalent:
(a) For each Sy ç S, there exists a left amenable subsemigroup, S'y s S, and an element s(y) e S, such that Sys(y) £ Sy.
Proof, (b) -» (a) For each Sy, let Sy = S, and let s(y) e S be arbitrary. Then (a) follows.
(a)->(b) For each of the left amenable semigroups, Sy, let {T'yv} be the net whose existence is asserted by Theorem 3, condition (c). For each T'yn, there exists cbn e <S>iS'y), the set of finite means on miS'y), such that Tyn = 2seS'<¡f>71I(s)rs. Let Tyn, where Tn is a finite average of right translations on zri(S), be defined by the same expression, but where the r, are now regarded as right translations on miS), rather than on miS'y). Then for/0 e m(S), we have for each S'y, lim,(TyJ0)s=a for s e Sy, where a is a real number depending on Sy and/0, but not on s e Sy. Hence limirs(y)TyJo)s = lim(Ty,,/0)(ss(j)) = a. i i
So {rs,y)Tyn} is the required net in condition (a) of Lemma 7, thus (b) follows by Lemma 7, which proves the theorem.
